We construct the AdS-plane wave solutions of generic gravity theory built on the arbitrary powers of the Riemann tensor and its derivatives in analogy with the ppwave solutions. In constructing the wave solutions of the generic theory, we show that the most general two tensor built from the Riemann tensor and its derivatives can be written in terms of the traceless-Ricci tensor. Quadratic gravity theory plays a major role; therefore, we revisit the wave solutions in this theory. As examples to our general formalism, we work out the six-dimensional conformal gravity and its nonconformal deformation as well as the tricritical gravity, the Lanczos-Lovelock theory, and string-generated cubic curvature theory.
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I. INTRODUCTION
At short distances, Einstein's gravity is expected to be replaced by a better behaved effective theory with more powers of curvature and its derivatives which can be written in the most general form (with no matter fields) as
Although we will give solutions to this theory, often times, it is more convenient to take the following power series version
C n (Riem, Ric, R, ∇Riem, . . . )
where we have added a bare cosmological constant Λ 0 -not required at short distances-but plays a major phenomenological role at long distances. We have separated the quadratic parts as they will play a role in the construction of solutions to the generic theory and we have also organized the third term in the quadratic curvature modifications into the GaussBonnet form which is easier to handle as it gives second order equations in the metric just like the Einstein's theory. Note that the third line represents all other possible contractions of the curvature and its derivatives which provide beyond fourth order field equations in the metric; for example, terms such as R R are also included in that summation. In a microscopic theory, such as the string theory, the parameters α, β, γ, C n , Λ 0 , κ are expected to be computed and some of them obviously vanish due to the constraints such as unitarity, supersymmetry, etc. Here, to stay as generic as possible, without focusing too much on such constraints, we shall consider (1) and (2) to be the theory and seek exact solutions for it. Of course we shall give some specific examples as noted in the Abstract.
Unlike the case of Einstein's gravity where books compiling exact solutions exist [1, 2] , there are only a few solutions known for some variants or restricted versions of the theory (2) , see for example [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . In [15] , we have briefly sketched the proof that the AdS-waves (both plane and spherical) that solve Einstein's gravity and the quadratic gravity also solve the generic theory (2) , needless to say, with modified parameters. Here, we shall give a detailed proof for AdS-plane wave case with a direct approach based on the proof that ppwave solutions of Einstein's gravity and the quadratic gravity are solutions to the theory with Λ 0 = 0. As we shall see, having a nonzero Λ 0 complicates the matter in a great deal. (Spherical-AdS waves require a separate attention which we shall come back to in another work.)
In this work, we will exclusively be interested in the exact solutions and not perturbative excitations about the maximally symmetric vacua of the theory. Nevertheless, the fact that these exact solutions linearize the field equations just like the perturbative excitations, leads to the following remarkable consequence: These metrics can be used to test the unitarity of the underlying theory and to find the excitation masses and the degrees of freedom of the spin-2 sector (There is an important caveat here, if the theory for these test metrics turns out to be nonunitary, then the theory is nonunitary. But, if the theory turns out to be unitary for these test metrics, then this does not mean that the theory is unitary one still has to check the unitarity of the spin-0 sector). In the examples that we shall study here, the procedure will be apparent.
AdS-plane waves [16, 17] and AdS-spherical waves [18] of quadratic gravity theories played a central role in [15] . We shall study here the AdS-plane wave (sometimes called the Siklos metric [19] ) given as . For this D-dimensional metric, the Ricci tensor can be computed to be
where the vector is λ µ = δ u µ and the scalar function is
with ≡ ∇ µ ∇ µ and ∇ µ is compatible with the full metric (3) . For these spacetimes, as we showed [15] , the field equations of (2) reduce to eg µν + a 0 S µν + a 1 S µν + · · · + a n n S µν + · · · = 0,
where S µν is the traceless-Ricci tensor. Taking the trace gives e = 0, which determines the effective cosmological constant of the theory. S µν = 0, which is the Einsteinian solution, naturally solves the full theory. For (3) to be a solution to cosmological Einstein's theory, V satisfies the ρ = 0 equation, namely
whose solution is
with I, K being the modified Bessel functions, ξ = ξ and c i 's are arbitrary functions of the null coordinate u [16, 20] . Further assuming ξ = 0, the solution becomes [21] (see also [20] )
where we omit the other solution, that is 1 z 2 , since it can be added to the "background" AdS part which is the V = 0 case of the metric (3) . This is all in cosmological Einstein's theory. But, observe that neither (8) or (9) depend explicitly on the cosmological constant of the theory. The dependence of the metric on the cosmological constant is only in the "AdS background" part. This leads to the fact that these Einsteinian solutions remain intact in the most general theory (2) with the only adjustment that the cosmological constant that appears in the AdS background part depends on the parameters of the the full theory. As we shall show in Sec. VI, one can find the cosmological constant, which will be determined by nonderivative terms in the action (2) , without going through the cumbersome task of finding the field equations. Now, let us consider the same metric as a solution to quadratic gravity. AdS-plane wave solutions of quadratic gravity again solve the field equations of the full theory (6) as it will be more apparent when the field equations are represented in the factorized form (84). In this case, the metric function V satisfies a more complicated fourth order equation
where the "mass" parameter reads
Assuming M 2 = 0, that is the nondegenerate case, the most general solution of (10) can be constructed from two second order parts; one the pure Einstein's theory
and the other "massive" version of the theory
1 Since the equation is linear in V , the most general solution will be a sum or an integral over the arbitrary parameter ξ if no further condition is given. As the most general solution is easy to write we do not depict it here.
) with i = 1, . . . , D − 2, and the AdS-plane wave spacetimes have analogous algebraic properties, and with these specific properties in both cases the highly complicated field equations of generic gravity theory reduce to somewhat simpler equations that admit exact solutions as exemplified above. For the pp-wave spacetimes (17) , in complete analogy with (6) , the field equations for the full theory (2) reduce to
which is solved by the Einsteinian solution R µν = 0. Once one considers plane waves, which is a subclass of pp-wave spacetimes with the metric
where x = (x i ) with i = 1, . . . , D − 2, and h ij is symmetric and traceless, R µν vanishes and one has a solution of (18) for any h ij . Thus, the plane-wave solutions of Einstein's gravity solve the generic theory [4] . The pp-wave metric (17) solves Einstein's gravity if the metric function V satisfies the Laplace equation for the (D − 2)-dimensional space, and the fact that these solutions solve the generic gravity theory (18) was first shown in [6] . In addition, if vanishing scalar invariant spacetimes, of which (17) is a member, satisfy R µν = 0, the field equations of (18) again reduce to the Einsteinian ones [9] . In addition to these Einstein's gravity-based considerations, as we shall show below by putting (18) in the factorized form 2 When ν b = 0, Breitenlohner-Freedman (BF) bound [24] is saturated and the solution turns into a logarithmic one given in [16] as
(37), one can observe that the pp-wave solutions of quadratic curvature gravity which satisfy (b 1 + b 0 ) R µν = 0 also solve the generic theory. Note that one can extend these solutions to theories with pure radiation sources, that is
. With this kind of sources and metrics satisfying R µν = 0, the field equations take the form a 0 R uu = T uu , and the case of T uu = T uu (u) was considered in [4, 6, 9] . A solution to a 0 R uu = T uu (u) can be found, for example, by relaxing the traceless condition on h ij (u) of (19) , then one has simply the algebraic equation a 0 [4] . The layout of the paper is as follows: In Section II, pp-wave spacetimes in generic gravity theory are discussed to set the stage for AdS-plane waves discussed in Section III which also includes the proof of the theorem that a generic two tensor can be reduced to a linear combination of g µν , S µν , and higher orders of S µν (such as, for example, n S µν ). Section IV is devoted to the field equations of quadratic gravity for pp-wave and AdS-wave ansatze which play a major role in generic gravity theories. In Section V, we study the wave solutions of f R µν αβ theories where the action depends on the Riemann tensor but not on its derivatives. As two examples, we study the cubic gravity generated by string theory and the Lanczos-Lovelock theory. In Section VI, we show that Einsteinian wave solutions solve the generic gravity theory and as an example, we study the AdS-plane wave solutions of the six-dimensional conformal gravity and its nonconformal deformation as well as the tricritical gravity. In the Appendices, we expound upon some of the calculations given in the text.
II. PP-WAVE SPACETIMES IN GENERIC GRAVITY THEORY
As discussed above, analogies with the pp-wave solution will play a role in our proof so we first study the simpler pp-wave case. The pp-wave spacetime is a spacetime with plane-fronted parallel rays (for further properties of pp-waves see, for example, [25, 26] ). A subclass of these metrics can be put into the Kerr-Schild form as
where η µν is the Minkowski metric and the following relations hold
The pp-wave spacetimes have special algebraic properties. The Riemann and Ricci tensors of pp-waves in the Kerr-Schild form are classified as Type N according to the "null alignment classification" [27, 28] . When the Riemann and Ricci tensors are calculated by using (20) , they, respectively, become
and
which make the Type-N properties explicit. With these forms of the Riemann and Ricci tensors, notice that any contraction with the λ µ vector yields zero. The scalar curvature is zero for the metric (20) . Besides the scalar curvature, it has vanishing scalar invariants (VSI). Since the Riemann and Ricci tensors are of Type N, and the scalar curvature is zero, the pp-wave spacetimes are also Type-N Weyl. Lastly, since the λ µ vector is covariantly constant, it is nonexpanding, shear-free, and nontwisting; therefore, the pp-wave metrics belong to the Kundt class of metrics.
The two tensors of pp-wave spacetimes also have a special structure: Any second rank tensor constructed from the Riemann tensor and its covariant derivatives can be written as a linear combination of R µν and higher orders of R µν (such as, for example, n R µν with n a positive integer). This result follows from the corresponding property of Type-N Weyl, Type-N Ricci spacetimes given in [10] as the pp-wave spacetimes in the Kerr-Schild form share these properties. Although the pp-wave result is implied in [10] , here we provide the proof along the lines of [6] since it gives some insight on the corresponding proof for AdS-plane wave given below.
A. Two-tensors in pp-wave spacetime
A generic two tensor of the pp-wave spacetimes can be, symbolically, represented as
where R denotes the Riemann tensor, ∇ n i R represents the (0, n i + 4) rank tensor constructed by n i number of covariant derivatives acting on the Riemann tensor, so the term in [. . . ] µν is a (0, 4n 0 + 4m + m i=1 n i ) rank tensor whose indices are contracted until two indices, µ and ν, are left free. Here, the important point to notice is that each Riemann tensor has two λ's (22) , so in total there are 2 (n 0 + m) number of λ vectors. The remaining tensor structure involves just ∇ n V 's. Here is what we will prove: The generic two tensors of the form (24) will boil down to a linear combination of R µν and n R µν 's. The first step of the proof is showing that the λ vector cannot make a nonzero contraction. It is easy to show this by using mathematical induction. With the identity λ µ ∂ µ V = 0, the λ contraction of the term ∇ 2 V is simply zero
after using the fact that λ is covariantly constant. Then, to show that the λ contraction of the term ∇ n V reduces to a lower order term, first observe that
Secondly, when λ is contracted with the first covariant derivative, by using [
which completes the reduction of the n th order term to the (n − 1) th order. Thus, λ cannot make a nonzero contraction either with other λ's or with ∇ n V 's. Although we achieved our goal, let us discuss another proof of this step which gives an insight for the corresponding discussion in the AdS-plane wave case. For the pp-wave metrics in the Kerr-Schild form, one can choose the coordinates in such a way that the metric takes the form ds
where x = (x i ) with i = 1, . . . , D − 2, and u and v are null coordinates, so
With this choice of the metric,
Then, let us look at the expansion of ∇ n V which has the form
The structures appearing in this expansion are the Christoffel connection, partial derivatives of both V and the Christoffel connection. When one has a λ contraction, some terms involve contraction of λ with one of the partial derivatives acting on V which yields an immediate zero since λ
In addition, a λ contraction with a Christoffel connection also yields zero. On the other hand, if λ is contracted with one of the partial derivatives acting on a Christoffel connection, one needs to use the definition of the Riemann tensor, for example as
where the terms in the square bracket are just zero since λ µ R µανβ = 0 and Γ ν µσ λ σ = 0. Since λ cannot make a nonzero contraction, there should be at most two λ's, that is one Riemann tensor, so the nonzero terms of the form (24) reduce to
where even number of covariant derivatives is required to have a two tensor. After determining the nonzero terms required by the first step of the proof, now in the second step, let us discuss the structure of these nonzero terms of the form [∇ n R] µν . In obtaining a two tensor by contracting the indices of [∇ n R] µν , one should either have
or
In (34), one can rearrange the order of the derivatives. Each change of order introduces a Riemann tensor, and as we just showed, a two tensor contraction in the presence of this additional Riemann tensor gives zero. The only nonzero part is the original term which in the final form reads
where we used the Bianchi identity on the Riemann tensor. Further contractions in (33) and (35) should be between the indices of the derivatives and as we showed we can change the order of the derivatives without introducing an additional term, then one has
As a result, the nonzero terms are in the form R µν and n R µν , where n is a positive integer. Any two tensor of the pp-wave spacetimes in the Kerr-Schild form is a linear combination of these terms. This completes the proof.
Before proceeding to the field equations, note that with this result about the two-tensors, the VSI property of the pp-waves in the Kerr-Schild form is explicit since R µν is traceless. Once the above result is used, the field equations of the most general theory (2) with Λ 0 = 0 reduces to
where a n 's are constants depending on the parameters of the theory, namely on κ, α, β, γ, C n , and N can be as large as possible. Note that a pp-wave metric (20) solving R µν = 0 is a solution of (36) . This fact was demonstrated in [6] without finding the explicit form of (36) by taking R µν = 0 as an assumption from the beginning. The plane waves, which are special pp-waves with
where h ij is symmetric and traceless, provide a solution to (36) for any h ij by satisfying R µν = 0 [4] . As discussed in [9] , one can also follow the way of constraining pp-wave spacetimes such that R µν is the only nonzero two-tensor, which effectively means R µν = 0, then the field equations of the generic gravity theory reduce to the Einstein's gravity ones. On the other hand, obtaining (36) makes one to realize that the pp-wave solutions of the quadratic gravity theory also solve the generic gravity theory (2) . To show this, first notice that one can factorize (36) as
where b n 's are constants depending on the original parameters of the theory. Here, b n 's can be real or complex and once they are complex, they must appear in complex conjugate pairs. To further reduce (37), first using the covariantly constant property of λ µ , one has
Here, note that for any scalar function φ (not necessarily
after also using Γ ν µσ λ σ = 0 which is valid in the coordinates we have chosen (28) . Here, η µν is the flat metric in null coordinates. In addition, for (28), the Christoffel connection has the form Γ
which leads to η µν Γ σ µν = 0; therefore, one has
With this property and ∂ v∂ . . .∂V = 0, one has
which reduces (37) to
Note that this equation is linear in V , so one can make an important observation for pp-wave metrics in the Kerr-Schild form. One can consider the pp-wave metric (20) as g µν = η µν +h µν where h µν ≡ 2V λ µ λ ν , and with this definition the Ricci tensor becomes
after using the fact that λ µ is covariantly constant. Then, once one considers this form of the Ricci tensor and (36) or (37), it is clear that the field equations of the generic theory (2) for pp-waves are linear in h µν as in the case of a perturbative expansion of the field equations around a flat background for a small metric perturbation
This observation suggests that there are two possible ways to find the field equations of the generic gravity theory for pp-waves: 1-Deriving the field equations and directly putting the pp-wave metric ansatz (20) in them; or 2-Linearizing the derived field equations around the flat background and putting h µν = 2V λ µ λ ν in these linearized equations. Although the second way involves an additional linearization step, the idea itself provides a shortcut in finding the field equations of pp-waves for a gravity theory described with a Lagrangian density which is constructed by the Riemann tensor but not its derivatives. Namely, due to linearization in the field equations, only up to the quadratic curvature order of these theories contributes to the field equations. This idea is made explicit in the examples discussed in Sec. V. Lastly, since h µν = 2V λ µ λ ν is transverse, ∂ µ h µν = 0, and traceless, η µν h µν = 0, to find the field equations by following the second way, one needs only the linearized field equations for the transverse-traceless metric perturbation.
Assuming nonvanishing and distinct b n 's, the most general solution of (44) is
where V E is the solution to Einstein's theory, namely∂ 2 V E = 0, ℜ represents the real part, and V n 's solve the equation of the quadratic gravity theory, i.e. ∂ 2 + b n V n = 0 (lest the reader have any doubt about this equation being the quadratic gravity theory's equation for the pp-wave, we shall show this explicitly below). Then, the pp-wave solution of Einstein's gravity also solves a generic gravity theory which was already known in the literature [6] . Here, the novel result is that the pp-wave solutions of the quadratic gravity theory also solve the generic theory. These solutions are of the form
with ξ n 2 ≡ b n . Here, we consider the case with real b n since b n 's are related to the masses of the perturbative excitations around flat background as M 2 n,flat = −b n . What we have learned in the pp-wave case will be applied to the Λ 0 case below.
III. ADS-PLANE WAVE SPACETIMES IN GENERIC GRAVITY THEORY
AdS-plane waves are a member of Kerr-Schild-Kundt metrics given as
whereḡ µν is the AdS metric and the following relations hold
The second identity serves as a definition of ξ vector where the symmetrization convention is
As in the case of the pp-wave spacetimes, the AdS-plane wave also satisfies special algebraic properties. However, instead of the Riemann and Ricci tensors, the Weyl tensor and the traceless-Ricci tensor, that is S µν ≡ R µν − R D g µν , are Type N. By using the results in [18] , the traceless-Ricci and Weyl tensors can be calculated as
where the square brackets denote anti-symmetrization, and ρ is defined as
and the symmetric tensor Ω αβ is defined as
In fact, these forms follow from (48) and (49), and the derivations are given in the App. A. In the given forms above, Type-N properties of the Weyl and traceless-Ricci tensors are explicit. It can also be seen that the λ µ contractions with the traceless-Ricci tensor is zero. This is also the case for the Weyl tensor, since Ω αβ satisfies
where
The scalar curvature for the AdS-plane waves is constant
In addition, these spacetimes have constant scalar invariants (CSI), for example
Lastly, due to ∇ µ λ ν = ξ (µ λ ν) and λ µ ξ µ = 0, the λ µ vector is nonexpanding, shear-free, and nontwisting; therefore, the AdS-plane wave metrics belong to the Kundt class of metrics.
Like pp-wave spacetimes, the two tensors of AdS-plane wave spacetimes also have a special structure: In [15] , sketching a proof using the boost weight decomposition [27] The AdS-plane wave spacetimes belong to this class. Below, we give a direct proof of this theorem specific to the AdS-plane waves.
A. Two-tensors in AdS-plane wave spacetime
A generic two tensor obtained by contracting any number of Riemann tensor and its covariant derivatives can be symbolically written as
where the same conventions in the pp-wave case are used. Since the Riemann tensor is
equivalently, one can write (57) as a sum of terms in the form
where C and S represent the Weyl tensor and the traceless-Ricci tensor, respectively. Note that one may consider adding the metric to (59) to make the discussion more complete, but it would be a trivial addition which would boil down to (59) after carrying out contractions involving g µν 's. Here is what we will prove: The generic two tensors of the form (59) will boil down to a linear combination of S µν and n S µν 's. The proof is somewhat lengthy and lasts until the end of this section. The reader who is not interested in the proof, but just in the applications of the result can skip this section. Now, let us give the proof which involves two steps: 4 Note that for odd n, it is not possible to have a two tensor contraction.
Before giving the precise proof, let us present the basic idea. If one considers the forms of the Weyl tensor and the traceless-Ricci tensor together with the property ∇ µ λ ν = ξ (µ λ ν) , then one can see that the generic term (59) represents sum of terms that are made up of 2 (m 0 + k + n 0 + l) number of λ vectors and various combinations of the derivatives of V , the ξ vector and its derivatives. Without loss of generality, one can assume m 1 < m 2 < · · · < m k and n 1 < n 2 < · · · < n l , then the building blocks of (59) are
We proved that these building blocks (other than λ) generate a free-index λ vector when they are contracted with a λ vector. In addition, the remaining tensor structure just involves the same buildings blocks that have the same or lower derivative order than the order before contraction. Naturally, any tensor that is made up of these building blocks inherit this property. Due to this property, it is not possible to lower the number of λ vectors by contractions and these λ vectors sooner or later yield a zero contraction. Therefore, to have a nonzero term out of (59), the unique possibility is to have at most two λ vectors, that is
µν which is just zero. Thus, the possible nonzero terms out of (59) are in the form S µν , [∇ n S] µν , and [∇ m C] µν which are studied in Sec. III A 2. Now, let us start our rigorous proof and first show how a free index λ vector is generated by any λ contraction. To this end, consider the behavior of the (0, n) rank tensor ∇ n−1 ξ under λ contractions. To analyze ∇ n−1 ξ, we work in the null frame in which the metric has the form 
showing why the metric function V does not depend on the coordinate v due to the relation λ µ ∂ µ V = 0. In addition, ξ µ and ξ µ become [18] ;
The property
ℓ 2 λ α yield the following identities for the ξ µ vector;
where we also used
. Now, let us look at ∇ n−1 ξ in the explicit form;
The structures appearing in this expression are the Christoffel connection, partial derivatives of both ξ µ and the Christoffel connection. In considering possible λ µ contractions with the terms in this expansion, first note that (62) yields
In addition, since ∂ v g αβ = 0, a λ µ contraction with the derivatives acting on a Christoffel connection also yields zero;
Moving to the λ µ and λ µ contractions of the Christoffel connection, the property
in the null frame. In addition, when λ µ or λ µ contracts with a Christoffel connection under the action of the partial derivatives, one has
where a new structure, that is partial derivatives acting on 1/z, appears; however, it yields zero after a further λ µ contraction. After discussing all possible λ contraction patterns (66-71) with the structures involved in the expansion of ∇ n−1 ξ, now let us show that a λ vector contraction with the (0, n) rank tensor ∇ n−1 ξ provides a free-index λ one-form (we mean λ µ ). To see this, first notice that the possible nonzero contractions of the λ vector (we mean λ µ ), that are (69, 71), always consist of two terms such that one of them involves a λ one-form and the other involves a λ vector. If the reproduced λ one-form is noncontracting, then we have achieved the goal of having a free-index λ one-form. However, if it is contracting, then it must make a contraction in the form of either (68) or (70), so this contracted λ one-form generates new λ one-forms. The same procedure holds for these newly generated λ one-forms and when all the possible λ one-form contractions are carried out, one always ends up with a free-index λ one-form. On the other hand, returning to the λ vector reproduced after the first contraction, it necessarily makes a contraction and if this contraction is not zero, it should be again in the form of either (69) or (71). Thus, one should follow the same procedure until the newly generated λ vector makes a zero contraction and this is in fact the case since for a λ vector, there is a Moving to the other tensor structure appearing in (59), the (0, n) rank tensor ∇ n V also shares the same properties as
where simply ∂ µ V replaces ξ µ of the above discussion. When this expansion is contracted with the λ µ vectors, the possible contraction patterns are the same as the
Therefore, after exactly the same discussion as in the case of ∇ n−1 ξ, one can show that each λ µ contraction with ∇ n V generates a free-index λ µ one-form. We established that each λ vector contraction with the (0, n) rank tensors ∇ n−1 ξ and ∇ n V generates a free-index λ one-form; however, after a certain number of λ vector contractions, these tensors become necessarily zero. Because the possible nonzero λ vector contractions are made with the indices of the Christoffel connections and the maximum number of Christoffel connections is just (n − 1) for both cases. These (n − 1) number of Christoffel connections involve n number of free down indices. Each λ vector contraction reduces the number of contractable down indices 5 by 2 since it also introduces a free-index λ one-form. Thus, if n is even, then n/2 is the maximum number of λ vector contractions before getting necessarily a zero. On the other hand, for odd n, (n − 1) /2 is the maximum number of nonzero λ vector contractions.
In obtaining a two-tensor from the rank 0, 4 (
one may prefer to make contractions involving λ one-forms first. To have a nonzero contraction, λ one-forms should be contracted with either ∇ n−1 ξ tensors or ∇ n V tensors. However, since these contractions generate new λ one-forms, the number of λ one-forms cannot be reduced by contractions. In addition, there is a limit for getting a nonzero contraction out of tensors ∇ n−1 ξ and ∇ n V . As a result, in the presence of more than two λ one-forms, one cannot get rid off these λ one-forms by contraction and they, sooner or later, make zero contractions.
To have a nonzero two-tensor out of (74), there should be at most two λ one-forms and they should provide the two-tensor structure. Then, the possibilities are
where we have not included [C] µν as the Weyl tensor is traceless. Note that to have a twotensor, the number of covariant derivatives acting on the Weyl tensor and the traceless-Ricci tensor should be even. Next, we will reduce the last two expressions into the desired form.
Reduction of [∇ n S] µν and [∇
First, let us analyze the [∇ n S] µν term where n is even as we want to have a two-tensor contraction out of ∇ n S. The lowest order term is [∇ 2 S] µν which has two contraction possibilities S µν and ∇ α ∇ µ S αν . The first contraction possibility is already in the desired form. For the second possibility, changing the orders of the covariant derivatives yields
where the first term is zero due to Bianchi identity and the constancy of the scalar curvature, and finally it takes the form
after using (58). After discussing the lowest order, to use mathematical induction, let us analyze a generic n th order derivative term [∇ n S] µν . The contraction patterns for this term are: first, the two free indices can be on the S tensor, and secondly, at least one of the free indices is on the covariant derivatives. In the first contraction pattern, the indices of the covariant derivatives are totally contracted among themselves and it is possible to rearrange the order of covariant derivatives to put the term in the form n 2 S µν by using
In addition, if one uses (58), then the parts of the Riemann tensor involving the Weyl and the traceless-Ricci tensors just yield zeros as we proved above. On the other hand, for the second contraction pattern, at least one of the covariant derivatives is contracted with S and to use the Bianchi identity ∇ ρ S µρ = 0, one needs to change the order of the covariant derivative contracting with S until placing it next to S by using (78). During this process again terms involving the Riemann tensor and (n − 2) number of covariant derivatives are introduced, and after use of (58) 
where d n/2 is just one, and the dimension and scalar curvature dependence of other d i 's are due to the Riemann tensors that are transformed via (58). Now, let us move to the term [∇ n C] µν where n is again even as we want to have a twotensor contraction out of ∇ n C. Since the Weyl tensor is traceless, at least two covariant derivatives should be contracted with the Weyl tensor in obtaining a nonzero two tensor from ∇ n C. Then, at the lowest order [
one can use the following identity for the Weyl tensor assuming that the metric is (48)
which is derived in the App. B, and then we immediately obtain the desired form. Now, moving to the n th order term [∇ n C] µν for which again one can change the order of covariant derivatives in such a way that two of the covariant derivatives contracting with the Weyl tensor are moved next to it to use the Bianchi identity (80). During the order change of the covariant derivatives again Riemann tensors are introduced. After use of (58), only the part of the Riemann tensor involving two metrics yields a nonzero contribution, so the terms involving the Riemann tensor reduce to (n − 2) th order terms [∇ case which is of the desired form (79). As a result, the nonzero two tensors of the AdS-plane wave spacetime can be written as a linear combination of the tensor S µν , n S µν 's, and also naturally the metric g µν . This completes the proof.
Note that with this result about the two-tensors, the CSI property of the AdS-plane wave spacetimes is explicit since S µν is traceless.
B. Field equations of the generic gravity theory for AdS-plane wave spacetime
In [15] , we studied the field equations of the generic gravity theory for the CSI Kundt spacetime of Type-N Weyl and Type-N traceless Ricci. In addition, we also demonstrated how the field equations further reduce for Kerr-Schild-Kundt spacetimes to which AdSplane wave belongs. Let us recapitulate these results here. As an immediate result of our conclusions above, the field equations coming from (2) are
The trace of the field equation yields e = 0,
which determines the effective cosmological constant Λ or 1/ℓ 2 in terms of the parameters that appear in the Lagrangian. On the other hand, the traceless part of the field equation
can be factorized as
where b n 's are again functions of the parameters of the original theory, and in general they can be complex which appear in complex conjugate pairs. To further reduce (84), note that in [18] , it was shown that for any φ satisfying λ
where¯ ≡ḡ µν∇ µ∇ν . Therefore, S µν = λ µ λ ν OV with
where the second equality is valid for AdS-plane wave in the coordinates (60). Using the results in [18] , (φλ α λ β ) can be written as
which is again valid for any φ satisfying λ µ ∂ µ φ = ∂ v φ = 0; therefore, S µν becomes
Then, (84) becomes
where we also used the fact that for any φ satisfying ∂ v φ = 0, Oφ also satisfies the same property ∂ v Oφ = 0.
Note that (89) is linear in the metric function V which suggests the linearization of the field equations of the generic theory for the AdS-plane waves. To make this more explicit, using (87) S µν can be put in the form
after defining h µν ≡ 2V λ µ λ ν with which the AdS-plane wave metric becomes g µν =ḡ µν +h µν . In addition, using ∂ v φ = 0 ⇒ ∂ v Oφ = 0 and (87), n S µν becomes
Once (90) and (91) are considered in either (83) or (84), it is obvious that the field equations of the generic theory (2) for AdS-plane waves are linear in h µν as in the case of a perturbative expansion of the field equations around an (A)dS background for a small metric perturbation h ≡ g −ḡ ≪ 1.
As in the case of pp-waves, this observation suggests that there are two possible ways to find the field equations of the generic gravity theory for AdS-plane waves: 1-Deriving the field equations and directly plugging the AdS-plane wave metric ansatz (48) in them; or 2-Linearizing the derived field equations around the (A)dS background and putting h µν = 2V λ µ λ ν in these linearized equations. Again, as we discuss in Sec. V, the idea in the second way of finding the field equations for AdS-plane waves provides a shortcut in finding the field equations of a gravity theory described with a Lagrangian density which is constructed by the Riemann tensor but not its derivatives. Lastly, h µν = 2V λ µ λ ν is transverse,∇ µ h µν = 0, and traceless,ḡ µν h µν = 0, so one needs only the linearized field equations for the transverse-traceless metric perturbation.
Just like the discussion in the pp-wave case, assuming nonvanishing and distinct b n 's, the most general solution of (89) is
where ℜ represents the real part and V E is the solution to the cosmological Einstein's theory, namely
∂x i ∂x i . Here, the second equality follows from the results in [16] . In addition, V n 's solve the equation of the quadratic gravity theory, i.e. O + 2 ℓ 2 − b n V n = 0. As a result, the AdS-plane wave solutions of Einstein's gravity and quadratic gravity, which were summarized in the Introduction (with M
, also solves a generic gravity theory [15] . 6 Note that M 2 n represents the mass of a massive spin-2 excitation around the AdS background. To prevent any confusion in its definition observe that O ∼ −¯ . In addition, remember that in the pp-wave case, we also defined M n 's as they represent the masses of the excitations, then we can express the exact solution of the generic gravity theory depending on u and z as a sum of the Einsteinian Kaigorodov solution
where we omitted the 1/z 2 solution as it can be absorbed into the background AdS metric by the redefinition of the coordinate v, and the functions V n 's defined in (92) are given as
n 's are assumed to be distinct. On the other hand, there can be many special cases in which some of M 2 n 's are equal. In fact, these special cases do appear in the critical gravity theories [22, 23, [32] [33] [34] and the corresponding solutions always involve logarithms; for example, for four-dimensional case see [16, 17] . Here, let us mention the extreme case in which all N masses vanish. In this case, the field equation takes the form
which has the solution
where again we considered the 1/z 2 solution as absorbed into AdS part.
IV. PP-WAVE AND ADS-PLANE WAVE IN QUADRATIC GRAVITY
Since quadratic gravity played a central role in constructing the solutions of the generic gravity theory, let us explicitly study the field equations of quadratic gravity in the context of these wave solutions. The field equations of quadratic gravity [30] 
for AdS-plane wave (48) reduce to a trace part and an apparently nonlinear wave type equation on the traceless-Ricci tensor [31] Λ 0 κ
where S µν and M 2 are given in (50) and (11), respectively, and f is
The trace part of (99)
determines the effective cosmological constant, that is the AdS radius ℓ. Since S µν =¯ S µν , the traceless part of (99), upon use of (87), further reduces to
This is an exact equation for the AdS-plane waves, but it is also important to realize that defining h µν ≡ g µν −ḡ µν = 2V λ µ λ ν , this is also the linearized field equations for transversetraceless fluctuations, which represent the helicity ±2 excitations, about the AdS background whose radius is determined by the trace part of (99).
In this work, we have been interested in the exact solutions and not perturbative excitations, but as a side remark we can note that the fact that AdS-plane waves and pp-waves lead to the linearized equations can be used to put constraints on the original parameters of the theory once unitarity of the linearized excitations is imposed. For example, since the excitations cannot be tachyonic or ghost like, M 2 ≥ 0 and this immediately says that b n cannot be complex.
To obtain the field equations for pp-waves in this theory with Λ 0 = 0, one simply takes ℓ → ∞ limit. Note that in this limit S µν becomes equal to R µν .
V. WAVE SOLUTIONS OF f (Riemann) THEORY
Let us now consider a subclass of the generic theory (1) whose action is built only on the contractions of the Riemann tensor but not its derivatives. Namely, the action is given as
where we specifically choose R µν αβ ≡ R µν αβ as the argument to remove the functional dependence on the inverse metric g µν without losing any generality. Because any higher curvature combination can be written in terms of R µν αβ without use of either metric or its inverse. This class of theories constitute an important subclass because of two facts. First, as we discussed above, pp-waves and AdS-plane waves (actually, AdS waves in general) linearize the field equations of a generic gravity theory, that is both plugging the pp-wave (AdS-plane wave) metric g µν = η µν + 2V λ µ λ ν (g µν =ḡ µν + 2V λ µ λ ν ) in the field equations and plugging h µν = 2V λ µ λ ν in the linearized field equations around flat (AdS) background yield the same field equations. Second fact is that for the f R µν αβ theory, one can construct a quadratic curvature gravity theory which has the same vacua and the same linearized field equations as the original f R µν αβ theory (see [35] [36] [37] [38] [39] [40] [41] ). Once one constructs the equivalent quadratic curvature action (EQCA) corresponding to (103), by using the effective parameters of EQCA in the results obtained for the quadratic gravity case in Sec. IV, one can obtain the field equations of (103) for AdS-plane waves and pp-waves without deriving the field equations of (103). Use of EQCA procedure in finding the field equations for AdS-plane waves and pp-waves provides a fair amount of simplification over the standard way of finding the field equations which can be quite complicated depending on function f . With a known f , to find the corresponding EQCA, one can use the procedure given in [40] as
ρσ , that is the value of Lagrangian density for the maximally symmetric backgroundR
In addition, take the first and second order derivatives of f R µν ρσ with respect to the Riemann tensor, and calculate them again for the background (104) to find
where ζ,α,β,γ are to be determined from these equations.
Construct the action
whereα,β, andγ will appear exactly as defined in step 1, while the other remaining two parameters are given as
After constructing the EQCA corresponding to (103), the field equations of (103) for AdSplane waves can be found by replacing the effective parameters of (107) in (99). Since these field equations are solved by the AdS-plane wave solutions of Einstein's gravity and quadratic gravity listed in the Introduction, then the AdS-plane wave solutions of (103) simply follow from these solutions by plugging the effective cosmological constant of (103) and M 2 of (103), which is calculated by putting the effective parameters of EQCA in (11) . The effective cosmological constant of (103) can be found from (101) after putting the effective parameters of EQCA in. Note that although (101) is, apparently, a quadratic equation in 1/ℓ 2 , after putting the effective parameters in this equation it yields a different dependence on 1/ℓ 2 since these effective parameters also depend on ℓ 2 . As in the case of the quadratic curvature gravity, ℓ → ∞ limit in the AdS-plane wave field equations gives the field equations for the pp-waves for the theory with Λ 0 = 0. Equivalently, one may find the curvature expansion of f R µν αβ up to the quadratic order, and this part of the action determines the field equations for the pp-wave metric.
As an application with a given f R µν αβ , we consider the cubic curvature gravity generated by the bosonic string theory at the second order in inverse string tension α ′ [42] and the Lanczos-Lovelock theory [43, 44] .
A. Cubic gravity generated by string theory
The effective action for the bosonic string at
where the bare cosmological constant is not introduced, so the theory admits a flat background in addition to the (A)dS ones. In [38] , the EQCA of (110) was calculated as
where the effective parameters depend on yet to be determined the effective cosmological constant represented through the AdS radius ℓ. The field equation for ℓ 2 can be found by using the effective parameters of (111) in (101) as 
The AdS-plane wave solutions given in the Introduction are the solutions of (110) with this M
2
. For example, for the ξ = 0 case one has
Here, note that using the solutions of (112) 2 , is satisfied for D ≤ 6. To discuss pp-wave solutions, one should take the ℓ → ∞ limit in the AdS-plane wave field equations. Taking this limit in (113) yields M 2 → ∞ which suggests the absence of the massive operator part in the pp-wave field equations. This is in fact the case which becomes more clear by taking ℓ → ∞ limit at the EQCA level. In this limit, (111) reduces to Einstein-Gauss-Bonnet theory which is the quadratic curvature order of the original action (110). Therefore, as we discussed above, the quadratic curvature order of the original action determines the pp-wave field equations, and here it is the Einstein-Gauss-Bonnet theory whose equations reduce to the field equations of Einstein's gravity at the linearized level. Therefore, the massive operator is absent and the pp-wave solutions of (110) are only the Einsteinian solutions.
B. Lanczos-Lovelock theory
The Lanczos-Lovelock theory is a special f R µν αβ theory which has at most second order derivatives of the metric in its field equations just like Einstein's gravity. Therefore, one expects a second order differential equation for the metric function V as the (traceless) field equations for pp-waves and AdS-plane waves. To find the explicit form of the field equations, one needs to construct the EQCA for the Lanczos-Lovelock theory given with the Lagrangian density
where C n 's are dimensionful constants, δ
is the generalized Kronecker delta, and
denotes the integer part of its argument. In [39] , the EQCA of (115) was calculated as
where the effective parameters are: the effective Newton's constant,
the effective cosmological constant,
and the effective Gauss-Bonnet coefficient
The AdS radius appearing in these effective parameters satisfies the equation
which can be found from (101) after the use of the ℓ-dependent parameters of EQCA. Note that for even dimensions, the D = 2n term does not contribute to the field equation (120). Since the EQCA is in the Einstein-Gauss-Bonnet form, the traceless part of the field equations reduces to
holds. Thus, the Einsteinian solutions; for example, the Kaigorodov solution
solve (121). Note that even though apparently V E does not show dependence on the parameters of the theory, the metric depends on all the parameters via AdS radius ℓ. Hence, the above exercise is nontrivial. Lastly, for the Chern-Simons Lovelock theory in odd dimensions [45] , the constraint 1/κ = 0 is satisfied, so the field equation becomes trivial.
VI. EINSTEINIAN WAVE SOLUTIONS OF THE GENERIC THEORY
A natural generalization of the above exercises is that the AdS-plane waves of the cosmological Einstein's theory solve the generic gravity theory (2) . The metric function V does not depend on the parameters of the theory; therefore, it is intact for all theories. But, the nontrivial part of the computation is to find the AdS radii for each theory. Fortunately, with the equivalent linear action (ELA) procedure that we used in [36, 37, 41] , all one needs to do is: 1-To calculate the Lagrangian density in the maximally symmetric background (104), let us call itf ; 2-To compute the derivative of the Lagrangian density with respect to the Riemann tensor and evaluate it again in (104), and with this result to find
which is in fact definition of ζ. Using these results, the ELA, which has the same vacua as the original theory, can be constructed as
where the effective Newton's constant and the effective bare cosmological constant are
Then, the AdS radii can be calculated from
Note that in the Lagrangian, the terms involving the derivatives of the Riemann tensor do not contribute to the maximally symmetric vacua at all. Because the field equations derived from these derivative terms always involve the derivatives of the Riemann tensor which vanish for the maximally symmetric metric.
As an example to this procedure, let us consider the conformal gravity with derivative terms in D = 6 dimensions.
Conformal gravity in D = 6
Conformal gravity in six dimensions 8 has the Lagrangian density [46, 47] 
With the AdS-plane wave ansatz, the field equations coming from this Lagrangian, which are given in [47] , reduce to
8 Note that to define a conformal gravity in six dimensions, one can also use the two independent scalars constructed from three Weyl tensors, see for example [47, 48] . For this purely cubic Weyl theory, the EQCA and the linearized field equations will be identically zero, so the AdS-plane wave field equations become trivial. The version of six-dimensional conformal gravity we have chosen here is for discussing the presence of derivatives of the Riemann tensor in the action.
Using the ELA procedure above (see App. C), it is easy to show that for this purely cubic theory the AdS radius is not fixed; therefore, any maximally symmetric space is a solution which is to be expected since the theory is conformal with no internal scale. But, once one imposes the existence of an AdS vacuum, one necessarily breaks the symmetry in the vacuum and picks up a unique cosmological constant (in [47] , Λ = −10 was chosen in the ℓ = 1 units).
To further reduce (130), using (87) and (90) yields
where again the first term can be added to the "background" AdS part with no consequence. The second term is the Kaigorodov solution, which can be expected without doing any calculation, and the rest are the nontrivial pieces. Let us consider the specific case of the "tricritical gravity", that is α = −5ℓ 2 /12 and β = ℓ 4 /16 [34] , for which n 3,4,5,6 becomes −2 and 3, so that the differential equation (136) degenerates into the form
with nontrivial logarithmic solutions in addition to the expected Einsteinian parts, that are AdS and Kaigorodov parts,
where again c i = c i (u). Note that both (137) and (140) are also the general solutions to the corresponding linearized equations for transverse-traceless perturbations.
VII. CONCLUSION
We have shown that the AdS-plane wave metric solves the most general gravity theory whose Lagrangian is an arbitrary function of the metric, the Riemann tensor and the covariant derivatives of the Riemann tensor. In doing so, we have also given the explicit proof of the theorem, briefly proved in [15] , that two-tensors in these spacetimes can be written as a sum of n S µν with n = 0, 1, 2, . . . . In our proof, the pp-wave solution played a role, so we have revisited this spacetime and also constructed novel solutions for quadratic gravity that also extend to the generic gravity theories. We have devoted several sections to example theories such as the cubic curvature gravity generated by string theory, LanczosLovelock gravity, and the recent D = 6 conformal gravity, its nonconformal modifications, and tricritical gravity.
Our exact solutions linearize the field equations, hence they also match the perturbative solutions for transverse-traceless perturbations. Therefore, the particle spectrum of these theories can be read from these metrics, save the spin-0 mode. Once the unitarity constraints on the particle spectrum are considered, this result can be used to choose the viable theories. For example, requiring nontachyonic physical excitations, that is M In obtaining our solutions, we have reduced the field equations of the most general gravity theory to N number of massive Klein-Gordon equations satisfied by V n , n = 1, 2, · · · , N, and one massless Klein Gordon equation satisfied by V E such that the general solution to the theory is V = V E + N n=1 V n . We have given sample solutions of these equations when all the masses are different and when the masses are equal, that is the critical gravity case. When some M n 's are equal, the solutions involve logarithmic parts. We gave the general logarithmic solution for the case where all M n 's are zero. The specific examples for this case are the critical gravity theory studied in [16, 17] and the tricritical gravity theory that we discussed here.
We have generalized and unified the previous works [4, 6, 9] on pp-wave spacetimes. Namely, for any theory the field equations for the pp-wave metrics in the Kerr-Schild form reduce to
which can be further reduced to the Einstein's gravity ones under the assumptions of [4, 6, 9] . Another fact is that the results we obtained in this work remain intact for the theories with pure radiation sources, that is
For example, for a source having the functional dependence T µν = T µν (u), the plane waves solving a 0 R µν = T µν are also particular solutions to the generic gravity theory since R µν = 0 for these plane waves.
A possible setting to consider sources is introducing a nonminimally coupled scalar field. In [49] and [50] , it is shown that a nonminimally coupled scalar field with a specific potential can support pp-wave and AdS-plane wave solutions for three-dimensional Einstein's gravity. This specific potential form is generalized to higher dimensions in [51] . Using this result together with ones discussed here, it is possible to find pp-wave and AdS-plane wave solutions to some higher curvature gravity theories coupled to nonminimally coupled scalar fields [52] .
In a future work, the explicit proof presented for the AdS-plane waves will be extended to Kerr-Schild-Kundt class discussed in [15, 18] . In this section, we will prove (51) . For the Kerr-Schild-Kundt class of metrics
the Riemann tensor is given in (B25) of [18] as
One can free ξ from derivatives with the help of ∇ µ ,∇ ν λ β =R ρ µνβ λ ρ yielding
Then, the Riemann tensor reduces to
whose (0, 4)-rank tensor version is
Now, let us calculate the Weyl tensor
The last term involving the scalar curvature has the form
The second term involving the Ricci tensor has the following form by using R αβ = − (D−1)
With the help of the above results andC µανβ = 0, the Weyl tensor reduces to
where one can convertḡ µν to g µν without producing any additional term. Also, using (B4) and (B5) of [18] , one has∇
which can be used to write C µανβ in terms of the full metric quantities as
Thus, defining
reduces C µανβ in the desired Type-N form
Appendix B: Bianchi Identities For The Weyl Tensor
Once-contracted Bianchi identity
for constant R yields
which then leads to
Using the twice-contracted Bianchi identity, that is ∇ µ S µν = 0 for constant R, one gets
which is the once-contracted Bianchi identity of the Weyl tensor for constant curvature spacetimes. Now, let us discuss ∇ µ ∇ ν C µανβ which becomes
for constant curvature spacetimes. Then, using
S σν , which holds for the metrics (A1), one gets
which proves (80).
Appendix C: Equivalent Linear Action of Conformal Gravity
Without finding the complicated field equations of the six-dimensional conformal gravity, let us show a method that leads to the effective cosmological constant. First, note that the effective cosmological constant of a generic gravity theory is determined by only the nonderivative Riemann terms appearing in the action. Because the field equations derived from the terms involving the derivative of the Riemann tensor always yield zero after evaluating them for the maximally symmetric background Thus, AdS with any cosmological constant is a solution as expected in this scale-free theory.
